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Kostenko E., Kuznichenko V. M., Lapshyn V. I. Generalized continuous linear model of international trade
The probability-based approach to the linear model of international trade based on the theory of Markov processes with continuous time is analysed. A generalized 
continuous model of international trade is built, in which the transition of the system from state to state is described by linear differential equations. The methodology 
of how to obtain the intensity matrices, which are differential in nature, is shown, and the same is done for their corresponding transition matrices for processes of 
purchasing and selling. In the process of the creation of the continuous model, functions and operations of matrices were used in addition to the Laplace transform, 
which gave the analytical form of the transition matrices, and therefore the expressions for the state vectors of the system. The obtained expressions simplify 
analysis and calculations in comparison to other methods. The values of the continuous transition matrices include in themselves the results of discrete model of 
international trade at moments in time proportional to the time step. The continuous model improves the quality of planning and the effectiveness of control of 
international trade agreements.
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Костенко Е., Кузниченко В. М., Лапшин В. И. Обобщенная  
непрерывная модель международной торговли
Рассмотрен вероятностный подход к линейной модели международ-
ной торговли на базе теории марковских процессов с непрерывным 
временем.  Построена  обобщенная  непрерывная  линейная  модель 
международной торговли, в которой переход системы из состояния 
в состояние описывается линейными дифференциальными уравнения-
ми. Показана методика получения матриц интенсивностей, которые 
являются дифференциальными, и соответствующих им переходных 
матриц для процессов продаж и закупок. Для создания непрерывной 
модели использовались функции и операции от матриц, а также пре-
образование Лапласа, которое позволило найти аналитический вид 
для переходных матриц, а значит и выражения для векторов состоя-
ния системы. Полученные выражения упрощают анализ и расчет со-
стояний системы по сравнению с другими методами. Значения непре-
рывных переходных матриц включают результаты дискретной моде-
ли международной торговли в моменты времени, равные кратности 
времени шага. Непрерывная модель улучшает качество планирования 
и эффективность контроля международных торговых отношений.
Ключевые слова: цепи Маркова, линейные дифференциальные уравне-
ния, z-преобразование, преобразование Лапласа
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Костенко О., Кузніченко В. М., Лапшин В. І. Узагальнена безперервна 
лінійна модель міжнародної торгівлі
Розглянуто імовірнісний підхід до лінійної моделі міжнародної торгівлі 
на базі теорії марківських процесів із безперервним часом. Побудовано 
узагальнену безперервну лінійну модель міжнародної торгівлі, в якій 
перехід системи із стану в стан описується лінійними диференціаль-
ними рівняннями. Показано методику отримання матриць інтенсив-
ностей, які є диференціальними, і перехідних матриць, що відповіда-
ють їм, для процесів продажів і закупівель. Для створення безперерв-
ної моделі використовувалися функції і операції від матриць, а також 
перетворення Лапласа, яке дозволило знайти аналітичний вид для пе-
рехідних матриць, а значить, і вираження для векторів стану систе-
ми. Отримані вирази спрощують аналіз і розрахунок станів системи 
порівняно з іншими методами. Значення безперервних перехідних ма-
триць включають результати дискретної моделі міжнародної тор-
гівлі в моменти часу, рівні кратності часу кроку. Безперервна модель 
покращує якість планування і ефективність контролю міжнародних 
торгових відносин.
Ключові  слова:  ланцюги  Маркова,  лінійні  диференціальні  рівняння, 
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Formulation of the problem. One of the key elements 
of a country’s international activity is its trade, which also has a 
significant impact on its external politics. Integration process-
es in the global economy are related to the creation of trans-
national  corporations,  euroregions  and  regional  unifications 
[1, 2], which require good planning and constant control to 
facilitate interaction between partners. This, in turn, increases 
the organizational standards of international trade. For these 
reasons, the improvement of models of international trade is 
very important.
Many  Ukrainian  scientists  such  as  О.  Г.  Белорус, 
А. С.  Гальчинский, Д. Г. Лукъяненко, Ю. В. Магагон and 
А. С. Филипенко [3–10] have studied Ukraine’s international 
trade – it’s characteristic values, it’s peculiarities and meth-
ods  of  its  development.  The  studies  over  the  last  few  years 
have shown the presence of a new step in the development 
of international trade relations in the post-crisis period. Data 
from 2010-2011 shows that the volume of world trade is on the 
rise. At the same time, the formation of an import structure 
is an important problem for Ukraine [11, 12]. In these analy-
ses of foreign economic activity, significant attention is paid 
to  transnational  corporations  and  regional  structures[1,  13, 
14]. Their important role in the development of international 
trade is noted. A noteworthy characteristic is the fact that trade 
inside these regions is greater than its trade with the outside. 
The small effect that the euroregions have on the economy of 
Ukraine is explained by the small volumes of the investment 
projects, which are related to the large risks of their realiza-
tions. Studies of the characteristics of international trade rela-
tions, as well as the importance that their diversification has for 
Ukraine, are presented in articles [2, 15–18].
It is important to note the comparative lack of articles 
on economic-mathematical models of international trade. The 
application of international logistical systems to better control 
material fluxes is analysed in [19]. The discrete linear model of 
international trade, based on the Markov Chain Method, was 
presented and analysed in [20–22] (deficit-less model) and in 
[23] (generalized model, which includes both deficit-inclusive 
and deficit-less models).
Formulation of the problem. The goal of the current 
article is the creation of a generalized continuous linear model 
for international trade from a probability-based approach. This 
model will allow for the simultaneous analysis of operations, 
specifically the buying and selling of goods, conducted between 
the members of a multi-sided trade agreement. This will pro-
vide the means to plan and control the continuous commodity-
money relationships between trade partners.
Results of analysis. In the Markov Chain theory, the 
transition of a system from one state to another is, for discrete 
and continuous processes, described by equations (1) and (2) 
respectively:
  = = ( ) (0) , 0,1,2,... n p n pL n   (1)
 
= ( ) ( ) ,
d
p t p t A
dt
  (2)
Here  ( ) p n  is the vector of probability of states after n 
steps, and  ( ) p t  is the vector of probability of states at the mo-
ment t. The matrix L is a stochastic, ergodic transition matrix, 
in which the sum of the elements in a line is equal to one. The 
elements of the intensity matrix A define the intensities of the 
transitions between different states, and the diagonal elements 
are found from the condition that the sum of elements in each 
line of A is equal to zero. These matrices are called «differential 
matrices».
Let’s apply the Laplace transform  ↔ ( ( ) ( )) p t P s  to equa-
tion (2):
− = ( ) ( 0 ) ( ) s P s p P s A
or
  − = ( )( ) (0), P s sI A p   (3)
where 
∞
− =∫
0
( )( ) , st P s p t e dt
and I is a unit matrix. From (3) it follows that:
 
− = − 1 ( ) (0)( ) . P s p sI A   (4)
The matrix  − − 1 ( ) sI A  fully describes the behaviour of 
Markov processes with continuous time.
It is known that the solution of the system (2) with the 
initial conditions  ( 0 ) p  has the following form:
  = ( ) (0) , At p t p e   (5)
Here, the matrix function  At e  must be understood as an 
exponential power series
+ + + +
2 3
2 3 ...
2! 3!
t t
I tA A A
,
which converges to  At e . 
Comparing (1) and (5) for discrete and continuous Mar-
kov processes at t = n, we obtain the following equality:
= A e L
or
  =ln A L   (6)
The transformation of matrix functions into polynomials 
is done with the help of the Cayley-Hamilton theorem, and is 
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Let’s show how to get the intensity А1 and А2, as well 
as their corresponding transition matrices H1 and H2 for con-
tinuous buying and selling processes in the simple case of three 
trade partners.
  
   
   
   
    = = = =
   
   
   
   
1 1 2 2 2 1
25 5 13 1 1 1
48 24 48 2 4 4
1 3 1 7 17 7
*, *
8 4 8 48 24 48
1 1 1 13 5 25
4 4 2 48 24 48
T T L B B L B B    (7)
   
   
   
   
    = =
   
   
   
   
1 2
5 1 1 55 3 23
6 12 12 96 16 96
1 3 1 1 15 1
,
8 4 8 32 16 32
1 1 5 23 3 55
12 12 6 96 16 96
T B B
  
(8)
Applying the z-transformation [26] to (1) for L1 and L2, we find the analytical form of the solution of the discrete problem:
 
    −       −      
         = + − − +            
      −       −  
   
1 1
1 1 1 1 11
1 1
0 4 2 4 4 24
2 2 1 1 1 1 11 1 1
( ) (0)[ 0 0 0 ]
4 2 4 2 42 4 4
1 1 1 1 1 1 11 0
2 2 4 2 4 4 24
n n
p n p
 
 (9)
 
    −       −      
        = + − − +          
     −       −  
   
2 2
75 1 5 5 5
1 1
0 24 12 4 24 12 24
2 2 75 1 1 7 7 7 1
( ) (0)[ 0 0 0 ]
24 12 4 2 24 12 24 4
1 1 75 1 5 5 5 0
2 2 24 12 4 24 12 24
n n
pn p
 
(10)
We will look at a discrete problem – the linear model of 
international trade, for which the stochastic ergodic transition 
matrices of a sales (L1) and purchases (L2) are defined in the 
following way (note that the processes of sales and purchases 
are considered to be unified) [23]:
Let’s build the continuous model of this problem. To do 
this, let’s first find the matrix А1. The characteristic polynomial 
of the 
 
λ
λ λ λ λ λ
λ
− − −
∆ = − − −= − − −
− − −
1
1 1 1
2 4 4
1 3 1 1 1
( ) ( 1)( )( )
8 4 8 2 4
1 1 1
4 4 2
L
     
(11)
All  of  the  roots  of  the  characteristic  polynomial  are 
simple. Because of this, the characteristic polynomial coincides 
with the minimal polynomial  ψ λλ = ∆
1 ( ) ( ) . L  The spectre of 
the matrix  1 L  will be written as  Λ 1 L , and it is equal to the fol-
lowing:
 
  Λ =  
 
1
1 1
; ; 1
4 2
L   (12)
The function  λ λ = ( ) l n ( ) f is defined on the spectrum of 
the matrix  1 L .If the function  λ ( ) f  is defined on the spectrum 
of the matrix and  λ ( ) g  is any polynomial that coincides with 
λ ( ) f  on the spectrum of the matrix  1 L  (as in,  Λ = Λ
1 1 ( ) ( ) L L f g
), then by definition
  = 1 1 ( ) ( ) f L g L   (13)
This  polynomial  can  be  obtained  in  several  ways.  In 
our case, the lowest-order polynomial  λ ( ) g  defined on the 
spectrum  of  the  matrix  1 L ,  will  have  the  following  form: 
λ λ λ = + + 2 ( ) . g a b c
Let’s compose the system of linear algebraic equations:
 

 = = = + +

 = = = + + 


= = = + +  
( 1 ) ( 1 ) 0
1 1 1 1 1
( ) ( ) l n ( )
2 2 2 4 2
1 1 1 1 1
( ) ( ) l n ( )
4 4 4 16 4
g f a b c
g f a b c
gf a b c
   (14)
The  solution  of  (14)  has  the  following  form:  a  = 
8/3*ln(1/2), b = -6*ln(1/2), c = 10/3*ln(1/2).
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  −  
 
  ==− + = −
 
 
  −
 
2
1 1 1 1
5 1 3
4 2 4
8 10 1 1 1 1
ln( ) ( 6 )ln( ) ln(2)
3 32 4 2 4
3 1 5
4 2 4
A L L L I
.                (15)
Let’s apply the Laplace [26] transform to equation (5), 
thereby obtaining the matrix sI-A1 :
 
  + − −  
 
  − = − + −
 
 
  − − +
 
1
5 1 3
ln2 ln2 ln2
4 2 4
1 1 1
ln2 ln2 ln2 ,
4 2 4
3 1 5
ln2 ln2 ln2
4 2 4
s
sI A s
s
 
(16)
The inverse matrix (sI – A1)-1 has the following form:
 
−
+ + + +
+ + + + + +
+ + + +
− =
+ + + + + +
2 2 2 2
2 2 2 2
1
1
7 1 1 3 1
ln2 (ln2) ln2 (ln2) ln2 (ln2)
4 2 2 4 2
( ln2)( 2ln2) ( ln2)( 2ln2) ( ln2)( 2ln2)
1 1 5 3 1
ln2 (ln2) ln2 (ln2) ln2 (ln2)
4 2 2 4 2 ( )
( ln2)( 2ln2) ( ln2)( 2ln2) ( ln2)( 2ln2)
3
4
s s s s
ss s ss s ss s
s s s s
sI A
ss s ss s ss s
 
 
 
 
 
 
 
 
 
+ + + +  
 
+ + + + + +  
 
2 2 2 2 1 1 7 1
ln2 (ln2) ln2 (ln2) ln2 (ln2)
2 2 4 2
( ln2)( 2ln2) ( ln2)( 2ln2) ( ln2)( 2ln2)
s s s s
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(17)
Simplifying it, we obtain
 
1
1
1 1 1 1 11
1 1
0 4 2 4 4 24
2 2 1 1 1 1 1 11 1 1
( ) 0 0 0
4 2 4 ( ln2) 4 2 4 ( 2ln2)
1 1 1 1 1 1 11 0
2 2 4 2 4 4 24
sI A
s s s
−
    −       −      
      − = + − − +       + +       −       −  
     
(18)
Let’s assume that the matrix  1( ) H t is the inverse transformation of the matrix  − − 1 ( ) sI A . Then, the inverse transformation 
transforms the equation (4) into 
  = 1 1 1 ( ) ( 0 ) ( ) p t p H t    (19)
Using the Laplace transform, we obtain
 
− −
    −       −      
      = + − − +      
     −       −  
   
ln2 2 ln2
1 1
1 1 1 1 11
1 1
0 4 2 4 4 24
2 2 1 1 1 11 1
( ) (0)[ 0 0 0 ]
4 2 4 42 4
1 1 1 1 1 1 11 0
2 2 4 2 4 4 24
t t pt p e e
 
(20)
Comparing (5) with (20), we see that  1( ) H t defines the form of the matrix 1 A t e :
 
− −
    −       −      
      = + − − +      
      −       −  
   
ln2 2 ln2
1
1 1 1 1 11
1 1
0 4 2 4 4 24
2 2 1 1 1 11 1
() 0 0 0
4 2 4 42 4
1 1 1 1 1 1 11 0
2 2 4 2 4 4 24
t t H t e e
 
 (21)
When  = t n , we obtain the following:
− −
    −       −      
      = + − − + =      
      −       −  
   
ln2 2 ln2
1
1 1 1 1 11
1 1
0 4 2 4 4 24
2 2 1 1 1 11 1
( ) 0 0 0
4 2 4 42 4
1 1 1 1 1 1 11 0
2 2 4 2 4 4 24
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    −       −      
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Therefore, the expression (9) coincides with (20) when
= t n . This points to the fact that the sales transition matrix 
H1(t) has been found. It is a component of the continuous mod-
el of international trade, and it includes in itself all of the values 
of the discrete model.
We will now obtain the second component of the con-
tinuous model – the matrix of intensity of transitions А2 and 
the purchasing transition matrix H2(t).
First of all, let’s find the characteristic polynomial of the 
matrix  2 : L
λ
λ λ λ λ λ
λ
− − −
∆ = − − −= − − −
− − −
2
1 1 1
2 4 4
1 3 1 1 1
( ) ( 1)( )( )
8 4 8 2 4
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L
    
 (23)
All of the roots of the characteristic polynomial are sim-
ple, and thus the characteristic polynomial coincides with the 
minimal polynomial ψ λ λ = ∆
2 ( ) ( ) . L  The spectrum of the ma-
trix  2 L  will be written as Λ 2 L , and it is equal to:
 
  Λ =  
 
2
1 1
; ; 1
4 2
L   (24)
The function  λ λ = ( ) l n ( ) f  is defined on the spectrum of 
the matrix 2 L . As with the matrix 1 L , we have, by definition,
  = 2 2 ( ) ( ) f L g L   (25)
In our case, the lowest-order polynomial  λ ( ) g defined 
on the spectrum of the matrix  2 L will have the following form: 
λ λ λ = + + 2 ( ) . g a b c
The  system  of  linear  algebraic  equations  for  a,b,c 
coincides  with  (14),  and  their  values  are  a  =  8/3*ln(1/2),   
b = -6*ln(1/2), c = 10/3*ln(1/2).
In the analysed case, the matrix А2 has the following 
form:
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(26)
 Let’s apply the Laplace transform to equation (5) and 
obtain the matrices sI-A2 and (sI-A2)-1:
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Simplifying it, we obtain
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Let’s assume that the matrix  2( ) H t  is the inverse transformation of the matrix  − − 1
2 ( ) sI A . Then, the inverse transformation 
transforms the equation (4) into
  = 2 2 2 ( ) ( 0 ) ( ) p t p H t   (30)
Using the Laplace transform, we obtain
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Comparing (5) with (31), we see that  2( ) H t  defines the form of the matrix  2 A t e :
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When n t = , we obtain the following from (32):
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(33)
Therefore, the expression (9) coincides with (20) when
n t = . This points to the fact that the sales transition matrix 
H1(t) has been found. It is a component of the continuous mod-
el of international trade, and it includes in itself all of the values 
of the discrete model.
From (33) it follows that the formulas (10) and (32) co-
incide at = t n . This points to the fact that the purchase transi-
tion matrix has been found. It is a component of the continuous 
model of international trade, and it includes in itself all of the 
values of the discrete model.
Conclusions. The generalized continuous linear model 
of linear trade has been built. It allows us to simultaneously 
analyse operations, specifically the buying and selling of goods, 
conducted between the members of a multi-sided trade agree-
ment. It also allows us to obtain the balance in their trade rela-
tions. The method of derivation of the intensity matrices and 
their corresponding transition matrices for the buying and sell-
ing processes was shown. The values of the continuous transi-
tion matrices include all of the results of the discrete model 
of international trade at the moments of time proportional to 
the time step. The continuous model improves the quality of 
planning and the effectiveness of control in international trade 
relations.
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